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Abstract—Numerical calculations for equilibrium air stagnation point heat transfer have been carried
out using the variable heat of dissociation model postulated by Fenster and Heyman. In studying the
application of this model, it is noted that there is a discrepancy in the conservation of energy equation as
used by Fenster and Heyman and that it is this discrepancy which led to their results being significantly
different from those of previous investigations. Present calculations indicate that the use of the correct
formulation of the boundary-layer energy equation for a variable heat of dissociation model yields results
for equilibrium air that are in basic agreement with those obtained using a constant heat of dissociation

model.

NOMENCLATURE
CplCp.,;
mass fraction of specie i;
specific heat per unit mass at constant
pressure of specie i;
weighted sum of specie specific heats;
binary diffusion coefficient ;
n
j‘ f, ndﬂ;
[
dimensionless velocity u/u, ;
enthalpy per unit mass of mixture;
perfect gas enthalpy per unit mass of
specie i;
heat evolved in the formation of specie i
at 0°K per unit mass;
thermal conductivity;
Lewis number for atom—molecule mix-
ture;
PH/ Pl
Nusselt number ;
static pressure;
Prandtl number, ¢ u/k;
cylindrical radius of body;
Reynolds number;
absolute temperature;;

u, x component of velocity;

v, velocity vector;

v, ycomponent of velocity;

w;, mass rate of formation of specie i per
unit volume and time;

x, distance along surface from leading
edge;

y,  distance normal to surface;

z,  dimensionless mass fraction, c /c,,.

Greek symbols

B, 2dlnu,/dln¢, equals § for. stagnation
point ;

n,  defined by equation (9);

8, dimensionless temperature T/T,;

A,  defined as (du,/dx), for stagnation point ;

U,  absolute viscosity;

£,  defined by equation (9);

p,  mass density.

Subscripts
a, atom;
e,  edge of boundary layer;

699

i

]

ith specie of mixture;
nitrogen;
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O, oxygen;
s,  stagnation conditions;
w, wall;
o0, free stream;
Superscripts
Js equals — 1 for axisymmetric body;

k, equals 1 for axisymmetric body.

1. INTRODUCTION

DURING the past decade, there have been
numerous calculations of the heat transfer in
dissociated air laminar boundary layers corre-
sponding to conditions encountered during
atmospheric entry. Such calculations virtually
all involve the numerical solution of the appro-
priate conservation equations. However, they
differ in their respective choice of a model to
represent the chemical nature of the boundary
layer and in the method used to calculate the
thermodynamic and transport properties.

For boundary layers in local chemical and
thermodynamic equilibrium, the chemical com-
position and the associated thermodynamic
and transport properties are properties of
state; and their calculation may proceed quite
independent of the solution of the governing
differential flow equations. In this manner
complex chemical models, including numerous
species and their associated chemical reactions,
have been included in equilibrium air laminar
boundary-layer calculations [1-2] through the
use of tabulated gas properties [4] or correla-
tions thereof [5].

However, for non-equilibrium boundary
layers the chemistry is directly coupled to the
transport phenomena and must be simul-
taneously solved for along with the macroscopic
fluid properties. In investigating such problems
it is expedient, and indeed often necessary
from the practical viewpoint of carrying out
numerical calculations, to adopt a simplified
chemistry model that lends itself to inclusion
with the equations of change. Extreme care
must be used in the choice of such a model;
however, it is obvious that, whatever the choice,
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it must be one that when applied in equilibrium
boundary-layer calculations leads to results
which are in reasonable agreement with those
obtained using the more complex and “exact”
chemical models, e.g. [1-3].

One of the most comprehensive treatments
of dissociated air boundary-layers has been that
of Fay and Riddell [6] who investigated equili-
brium and frozen stagnation point air boundary
layers for both fully catalytic and non-catalytic
surfaces. In their approach, the chemistry was
simplified through the assumption that air is a
binary mixture of ‘“air” atoms and ‘‘air”
molecules having a constant heat of dissocia-
tion. Their results indicate that the heat transfer
to a fully catalytic surface in the presence of a
frozen boundary layer is virtually identical to
that associated with an equilibrium boundary
layer. It should also be noted that their equili-
brium boundary-layer results are in general
agreement with calculations using exact thermo-
dynamic and transport properties and with
shock tube experimental data [7, 8], thus
supporting the validity of their assumed model.

Fenster and Heyman [9,10], however, have
taken issue with the results of Fay and Riddell
[6]. They have noted that although oxygen
and nitrogen are quite similar insofar as trans-
port properties are concerned, they have quite
different molecular binding energies, e.g. that
of nitrogen is 9-76 eV while that of oxygen 5-1 eV.
Thus, air may not be considered as a binary
mixture with regard to the chemical reactions
since the recombination of two nitrogen atoms
will release almost twice as much energy as the
recombination of two oxygen atoms. They have
consequently proposed the use of a binary model
with a variable heat of dissociation, h0, where

W= —h3, ¢, < 02346
jo _ 02346(—hY) + (¢, — 02346) (=hY) | ),
a — ¢, ’

02346 < ¢, < 10.

Here c, is the atom mass fraction, h$ and hY
the heats of formation of O and N respectively,
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and hQ the effective atom heat of formation.
The use of such a variable heat of dissociation
model appears to the present authors to be a
logical extension of the model used by Fay
and Riddell. In the limiting case of equilibrium
air, nitrogen becomes dissociated at a much
higher temperature than oxygen. Thus, in the
outer part of an equilibrium boundary layer
where the nitrogen atoms recombine, equation
(1) will weight the effective heat of formation
towards that of nitrogen; while in the cool
region near the wall, k2 will be equal to that of
oxygen. On the other hand, for the limiting case
of a frozen flow, the effective heat of formation
will remain constant across the boundary layer
since there is no recombination in the flow
itself. In this case equation (1) may be applied at
the edge of the boundary layer to evaluate the
constant heat of dissociation value.

In applying this model to the stagnation
point boundary layer, Fenster and Heyman
found that in the presence of dissociation the
surface heat transfer associated with an equili-
brium air boundary layer was less, in some cases
significantly, than that associated with a frozen
boundary layer on a catalytic surface. This
difference from the results of Fay and Riddell
was due to their prediction of much lower heat
transfer for highly dissociated equilibrium
boundary layers and the resulting difference in
the dependency of the non-dimensional heat-
transfer parameter, [Nu/\/(Re)],, on the ratio
of the density—viscosity product, (p.t./p.i.)-
Whereas, Fay and Riddell predicted a power
dependence of 04, Fenster and Heyman in
using a variable heat of dissociation model
predicted a power dependence of 0-595. Un-
fortunately, it is the former value that is in
general agreement with a majority of the “exact”
equilibrium air boundary-layer calculations
[1-3]. Thus, the concept of a variable heat of
dissociation model would appear somewhat
questionable.

However, the present authors, in studying the
application of the variable heat of dissociation
model, have noted what they feel is a discrepancy
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in the conservation of energy equation as
used by Fenster and Heyman in their equilibrium
boundary-layer calculations. They have further
shown that it is this discrepancy that leads to
the differences between the results obtained
using a constant heat of dissociation model and
those of Fenster and Heyman. Thus, in the
next section the energy equation for a gas with
a variable heat of dissociation will be derived;
while in Section 3 the numerical solution of the
present authors will be discussed. The results
obtained for equilibrium air stagnation point
boundary layers and their implications will
be presented in Section 4.

2, THE EQUATIONS OF CHANGE FOR A
VARIABLE HEAT OF DISSOCIATION

The equations of change which describe the
steady laminar boundary-layer flow of a chemi-
cally reacting gas are [6], neglecting thermal
diffusion,

0 0
~ (pur®) + ——(pvr*) = 0 @
0x dy
5ci 6Ci _ a aci s
pua + pvé; =% (pD,- 6y> + W; (3)
du op 0 ( ou
— —=——+—|u= 4
TR A ( )
»_
dy
oh oh
pv.Vh = pué;c+ pva—y

G, dc;
DN IR

If the mixture enthaipy is defined as
h = Zci(hi — k)

i

(6)

where both h; and h? are assumed to be variable
and functions of temperature alone, then the



702

static enthalpy gradient may be written as

Vh =3 (h — ) Ve, + ¢, VT — e VR (7)

- dh;
¢, = Z G = iZcicpl..

1

where

Subsequently, the energy equation may, upon
substitution of the species continuity equation,
be written as

o (n e ) = () a2
» P ox pay T oy \ dy 0x

Equation (8) differs from the expression
originally obtained by Fenster and Heyman [ 10]
for the variable heat of dissociation model in
that it contains the additional term

U c%+v c%}
p ‘ i ox p . iay-

This additional term arises because the present
authors have applied the variable heat of dissoci-
ation concept starting with the energy equation
written in terms of the static enthalpy, whereas
Fenster and Heyman apparently applied the
same concept, but starting with the energy
equation in terms of temperature (it should be
noted that Fenster and Heyman could also have
arrived at their form of the energy equation
through erroneous differentiation). Since in
deriving the energy equation, it is the static
enthalpy, or internal energy, that naturally
appears and not the temperature, it is felt by the
present authors that equation (8) is the correct
equation for a gas with a variable heat of
dissociation. Furthermore, an analysis of this
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additional term indicates that it is of the same
magnitude and sign as the term

0
<_ Z D dc, Ok )
oy dy
Thus, it is felt that it should be included in any
solution using the variable heat of dissociation
concept.
Now if local similarity and a binary gas mix-

ture are assumed, then with the coordinate
transformation

&x) = [ pottur?* dx
0

¥ 9
wrt
nx, y) = - jp dy
7%

the equations of change become
0 (NL oz 0z; 22A7'w,
Bl ol ] pal i 0 (10
on (Pr (?n) + on * pc, (19
(NF7Y + 7+ ﬁ(% =0
CNO'Y . Nu2 o
<T) + CfY + T (f")

Pw €
N E NL
: cp Pr

207 Y (h? — hy)
+ E P
. ey Te
ho fz cihi’
X ¢ <cp‘_9'——¥>— - = 0.

t

T, ¢, T, (12)
where the non-dimensional variables are as
defined in the Nomenclature and the summation
over i involves only the constituents of the
binary gas—atoms and molecules. As in equa-
tion (8), the last term on the Lh s. of equation (12)
was not included in the original derivation by
Fenster and Heyman.

It should be noted that in applying the above
equation to the equilibrium laminar boundary
layer, it is convenient to eliminate the term
involving the mass rate of formation of species i,
Ww,, from the energy equation. This may be done
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by solving the specie continuity equation,
equation (10), for 2/~ }w,/p and substituting into
the energy equation. The resulting equation is

CN6'Y . Nuz
<Pr> At

Pw e

cie(hi - h?) ) NLz; l]
+Z ol [fZi " < Pr )

1

NL hY’ hY
+ bl cmgl__l_> _f__Z_C*_'=o_
c,. Pr T, Cp I

(13)

!

It should be noted that the derivatives of h?
in the above equation are actually of an ad-hoc
nature due to the empirical character of equation
(1). They result solely from the use of a variable
heat of dissociation to characterize the single
reaction present in a binary mixture of air
molecules and atoms.

3. NUMERICAL SOLUTION

In the present investigation, calculations have
been carried out for the equilibrium stagnation
point boundary layer using a variable heat of
dissociation as given by equation (1) together
with equations (11) and (13) which were dis-
cussed in the previous section. In these solutions,
the Prandtl number was assumed to be constant
at 0-71. The density—viscosity product ratio was
evaluated using the correlation of Penner and
Litvak (see Fay and Riddell); and the equilibrium
atomic mass fraction was approximated by
€, = ¢,, exp [o(1 — 1/6)], where the constant «
was selected in each case to yield values of c,
that agreed closely with the tables of Hilsenrath
and Klein [11]. The ratios p./p and ¢,/c,,
were evaluated as in [6], and the wall tempera-
ture was assumed to be 300°K. Calculations
were carried out for both the case of a constant
Lewis number, ie. L = 10 and 14, and for a
variable Lewis number. In this latter case, the
Lewis number was evaluated as a function of the
atom concentration so as to be approximately
that given in [4]. Thus, the thermodynamic and
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transport properties used here are virtually
identical to those used by Fenster and Heyman;;
and the primary difference between the present
results and those of [10] will be due to the
form of the energy equation used.

As has been discussed, the energy equation
used by Fenster and Heyman did not include the
term (—f, ¢;h{"/¢, T). Furthermore, in most

i
of their actual numerical solutions they neglected
in equation (13) the term

Z NLc} b
¢, Pr T,

13

noting that its overall effect was small. However,
this latter term and the last term in equation (13)
are of the same order of magnitude; and as will
be seen, their combined effect need not be small.

In the present investigation equations (11)
and (13) were solved simultaneously using a
fourth order Runge-Kutta technique subject
to the following boundary conditions:

0) = f(0) = _L
0 =f0=0, 80 = T (14)
f(e0) = 1, B(c0) = 1

The solutions were obtained by iterating on the
initial values of #(0) and f"(0) until the con-
ditions at ““infinity” were satisfied. The actual
iteration technique is described in [6, 10].
Solutions were obtained for three cases. These
are:

Case 1. The terms,
NL kY

- hY/¢. T and — E
f;cl i /cpw ean EpwPrc! 7;

omitted in equation (13).

Case 2. The term, — f)'ch? /¢, T, omitted in

equation (13).
Case 3. All terms in Equation (13) included.

Case 1 corresponds to that for which solutions
were obtained by Fenster and Heyman.



704

4. DISCUSSION OF RESULTS

A summary of the numerical results obtained
in the present investigation is presented in
Figs. 1-3, and a portion of the calculated data
are listed in Table 1. In Fig. 1 values of the
heat-transfer parameter, (Nu/,/Re),, computed
at a specific flight condition using a variable
heat of dissociation and both constant and
variable Lewis numbers, are compared for
cases 1-3. From the figure, it may be seen that
in both cases 1 and 3, the (Nu/,/Re),, obtained
using a variable Lewis number differs from that
for a constant Lewis number (L = 1-4) by, at
the most, 3 per cent. Furthermore, for a con-
stant Lewis number the inclusion of Y, ¢ih?'/T,

in the energy equation, i.e. case 2, results in an
increase in the (Nu/,/Re),, of 9-0 per cent over
that for case 1, which corresponds to that used
in the original results of Fenster and Heyman.
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FI1G. 1. Comparison of stagnation point heat-transfer results
for various dissociated air models (cases 1-3).

Table 1. Summary of numerical results

bt Nu

Altitude " y
M, () L 1110 00 = To
Case 1
1000 75000 14 0476 0396 0424 0424
16°53 80000 14 0391 0508 0262 0-366
2066 80000 14 0-357 0534 0204 0-300
24-00 75000 14 0-336 0552 0-171 0259
24-00 75000 10 0-339 0518 0171 0243
24-00 75000 variable 0337 0-542 0171 0254
2686 80000 14 0317 0578 0-140 0233
Case 2
2400 75000 14 0-341 0-601 0171 0-282
Case 3
1095 150000 variable 0-462 0564 0-344 0-431
12:77 150000 variable 0421 0567 0295 0-400
1653 80000 variable 0391 0-509 0262 0367
20-66 80000 variable 0-365 0-591 0204 0332
21-89 150000 variable 0-346 0779 0-161 0-292
24-00 75000 10 0-347 0-604 0171 0-284
24-00 75000 1-4 0-345 0653 0171 0-307
24-00 75000 variable 0346 0633 0171 0-297
26-86 80000 variable 0326 0681 0140 0275
Constant h?
1653 80000 variable 0392 0536 0262 0386
20-66 80000 variable 0-361 0638 0204 0358
2400 75000 variable 0-341 0677 0171 0318
2686 80000 variable 0-321 0-760 0140

0-307
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The inclusion of both terms, i.e. case 3, results in
an 184 per cent increase over that calculated for
case 1. These increases indicate that the two
additional terms in equation (12) are indeed
both significant.

06 T
Legend
05 H & Present solution cose I
O Solution corresponding to /
method of [i0]
[
04 - /
Equation (15), /
»

e Mo =o.57(£:__"_')°‘“
g = Py
S

03

< > Equation (i6),
o\, Pe M, \O595
/ (W)W'O'TS:S(P' A )
02 ‘ ‘
o2 02 03 04 05
Pe  He
Pu Hw

F1G. 2. Dependence of heat-transfer parameter, Nu/Re?, on
pp-ratio for dissociated air models of cases 1 and 3.

Shown also in Fig. 1 for the same flight con-
dition is the value obtained using a constant
heat of dissociation with a variable Lewis
number. Comparison of this result with that
obtained using a variable heat of dissociation
(case 3 with a variable Lewis number) indicates
that the two answers are in reasonable agree-
ment, being within 7 per cent of each other.

Also indicated in Fig. 1 is the value of the

06
Legend
05 A Vorigble 47 cose I
O Constont A5 /
a
04
Y I —
Sl@ a]
N—
03 8 ),i/
/A Equation (I5),
M\ o.g7( Lere O
() oer(ze)
| |
(o]} 02 o3 04 05

(Pe He/PwHw)

F1G. 3. The effect of constant vs. variable heat of dissociation
on stagnation point heat transfer (variable Lewis number).
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(Nu/,/Re),, obtained using Cohen’s correlation,

Le.
N 0-43
(_“> _ 067 ﬂi)
JRe/, Prwthsy

of his numerical calculations of equilibrium
dissociated air stagnation point heat transfer.
These calculations were obtained using the
thermodynamic and transport properties of [4].
As can be seen from Fig. 1, the present case 3
calculations are within +5 per cent of Cohen’s
results.

The stagnation point heat-transfer rate was
also calculated for cases 1 and 3 over a range of
values of the density—viscosity product ratio,
Pelle/ Poit,- These results are presented in Fig. 2.
Although the case 1 calculations are for a
constant Lewis number of 14 and those for
case 3 are for a variable Lewis number, it was
shown in Fig. 1 that the effect of Lewis number
on the calculated heat transfer is small. Included
here is the correlation curve of Fenster and
Heyman

0-595
(—Nfi> =0‘753< pe"‘*) .
vRe/, Pk

It can be seen that the present case 1 calculations,
which corresponds to the method used in [10],
are in reasonable agreement with equation (16).
However, the case 3 calculations, based on
the complete formulation of the boundary-
layer equations for a variable heat of dissocia-
tion model, are significantly higher than the
results of Fenster and Heyman, equation (16),
and are in good agreement with the correlation
of Cohen’s results, equation (15). Thus the

(15)

(16)

present calculations indicate a power depen-

dence of the heat-transfer parameter on the
pu ratio of approximately 0-4. As noted in the
introduction, this is in good agreement with a
majority of the existing exact equilibrium air
boundary-layer calculations.

Calculations using a constant heat of dissocia-
tion model have also been carried out in the
present investigation over a range of conditions
and these are compared with Case 3 results in
Fig. 3. As can be seen, the calculations based on a
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constant heat of dissociation model are no more
than 10 per cent higher than those obtained
using a variable heat of dissociation model.

It should be noted that as a further check
on the accuracy of the present method of
numerical solution, several calculations were
made using a constant heat of dissociation and
the input data of Fay and Riddell [6]. The results
of these calculations are in good agreement with
those reported in [6].

5. CONCLUSIONS

The present investigation has shown that the
correct formulation of the boundary-layer energy
equation using a variable heat of dissociation
model leads to results for equilibrium air which
are in basic agreement with those obtained
using a constant heat of dissociation model.

These results, i.c. case 3, are also in agreement
with exact equilibrium air boundary-layer calcu-
lations [1-3] and can be shown to agree with
shock tube stagnation point heat-transfer mea-
surements over a wide range of conditions
[7, 8]. This is a rather secondary point, however,
since the results of Fenster and Heyman have
been shown to be in reasonable agreement with
an exact calculation [12] using the transport
properties of Peng and Pindroh [13] and with
the limited shock tube data of Sabol [14],
which were obtained at relatively low total
enthalpies.

The important point is that in any application
of the variable heat of dissociation model, the
natural form of the energy equation in terms of
static enthalpy or internal energy, and not
temperature, must be considered as the basic
underlying equation. This was done here, but
apparently not by Fenster and Heyman; and
the results are significantly different. The calcu-
lations and conclusions of Fenster and Heyman
thus must be considered in error. Furthermore,
the extension of the variable heat of dissociation
concept to iomized air boundary layers by
Fenster [15] is similarily in error; and those
results must be also considered questionable.
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Résumé—Des calculs numériques pour le transport de chaleur au point d’arrét dans I’air en équilibre ont
été conduits en employant le modéle & chaleur de dissociation variable imaginé par Fenster et Heyman.
En étudient ’application de ce modéle, on remarquera qu’il y a une différence dans 1’équation de conserva-
tion de I’énergie employée par Fenster et Heyman et que c’est cette différence qui conduit a ce que leurs
résultats sont sensiblement différents de ceux des recherches antérieures. Les calculs actuels indiquent que
que 'emploi de la formulation de I’équation de 1’énergie de la couche limite pour un modele & chaleur
de dissociation variable fournit des résultats pour I'air en équilibre qui sont en accord général avec ceux
obtenus avec un modele & chaleur de dissociation constante.

Zusammenfassung—Numerische Berechnungen wurden durchgefiihrt fiir den stationiren Warmeiibergang
in Luft an einem Staupunkt unter Beniitzung cines Modells verinderlicher Dissoziationswirme nach
Fenster-Heyman. Bei der Untersuchung der Anwendbarkeit dieses Modells wurde ein Widerspruch in
der von Fenster-Heyman verwendeten Form der Energiegleichung bemerkt und es zeigt sich, dass auf
diesem Widerspruch die wesentlichen Unterschiede ihrer Ergebnisse zu denen fritherer Forscher beruhten.
Die gegenwiirtigen Rechnungen ergeben, dass bei korrekter Formulierung der Grenzschichtenergiegleich-
ung fiir das Modell verinderlicher Dissoziationswirme die Ergebnisse fiir Luft grundsitzlich mit jenen
iibereinstimmen, die mit einem Modell konstanter Dissoziationswirme gefunden wurden.

Apnotanua—~C HOMOWIBIC MOTeNN TepeMeHHON TemroTn aucconnanuu Oencrepa n Xeitmena
MpoBe/ieHHl YMCIEHHbE pacyeThi TeMmIo00MeHa B KPUTHYECKON TOYKE PABHOBECHOTO TeYEHHA
Boagyxa. IIpu 5TOM 3ameyeHO, YTO MMeeTCA pasiuune B YPaBHEHHUAX BHEPIHM, MCHOdB3O-
BaHHHX HaMu u @encrepom, n XeitmanoM. OHO GHIO MPMUMHON 3HAYHTENBHOTO OTIMYUA
PesyabTATOB MOCIeJHMX ABTODOB OT JAHHHX APYrax McciaemoBarexedi. Hamu pacuers mo-
HAsHBAKT, YTO IPH MHCHONb30BAHNM INPABUIBHON (OPMYINPOBKH YPABHEHHA SHEPIUM
TIOTPAHUYHOTO CI0A M MOJeNIA NepeMEeHHOMN TeMIIOTH AUCCOLMAIMH i1 PABHOBECHOT0 TeYeHUA
BO3/yXa, MOXYYAIOTCA PesYJIbTATH, B OCHOBHOM COBNAfAlON(He C JAHHHMH, MOXYYEHHHIMH
HOpY HCHOJb30BAHMM MOAENIM NOCTOAHHON TEIIOTH IUCCOLMALIHM,
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